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Abstract: In the present paper, we unify the generalized Hypergeometric polynomial Set Sn(X, y) by means of a generating function,
which contains Appell function of two variables in the notation of Burchnall and Chaundy [4]. This polynomial Set covers as many
as forty-one orthogonal and non-orthgonal polynomials and have been deduced as particular cases.

The newly defined generalized Hypergeometric polynomial Set Sn(x,y)may be immense use in new phase of Mathematics

relvent to Physics,Chemistry,Engineering and Social sciences .
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1. Introduction

We study and define the generalized hypergeometric polynomial set Sn(x, y) by means of the generating functions,
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Where A, kl, 7‘2’ k3 are real and €y, ey.ez are positive integers.

The left hand side of (1.1) contains Appell function of two variables in the notation of Burchnall and Chaundy [4]. The polynomial
set contains a number of parameters, for simplicity, we shall denote.
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Where n denote the order of the polynomial set.

(X, y) by Sn(X, y).
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NOTATIONS:
(i) (m)=1,2,3, oc.ym.
() A=A Ay dy, A
i) ()] =Ap, Ay, As. d
(V) A, = (4], () (A3)y (),
V) A(a,b)=9,b+1 ....... b+a—1.
a' a a

i) I['(atb)=T(a+b)(a-b).

wi)  I«(a+b)=T(a+b)I'(a+b).
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(m) = (1=(a,)-n) (1=(4)-n), m!

A, [e:—n+m]A, [el;l = (bq) —n+ m}
(m) ~ Ay, [el;l—(ap)—n +m]Aml [el;l—(A,,) —n +m}
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2. Theorem
If the Hypergeometric polynomial set Sn(x, y) is defined by (1.1) then we can write
A(mg, m,
Si(xy)= > Lo ]

m,m,,m, >0 (n—m—em; —e,m,)!
m+em;+e,m,<0

- (21)

[(20) ] ep 1,

[ (g )]n—m—elml—@z—l)mz

LA ] e e LG ] (G,
l:( By ):|n—m—e1ml—e2m2 |:( H, ):|m1 |:( Dy ):|m2

n—m-—e;m,—e,m,
szezkmxfhxgz (7»3Xe3 ) ym+elml+e2m2

Where A(mM,my) =

X

X

m m! my! (n-m-em —e,m,)!

Proof : On using the expansion [4]

.. 2.2)

Now from (1.1), we arrive at

Ss.one-5 $ OO0
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n
7\,212 &M ym+elm1 (7\,3Xe3 ) MMy e,y

X

y=2™  m,! nl
B 0 0 A(mlamg) tn+m+elml+e2m2
=2 2 ~

n=0m,m;,m,=0

m+e;m,+e,m,<n 23
Now, making use of the Lemma
n
o0 [ee] o0 m
> > A(Kn)= > A(kn-mk)
n=0k=0 n=0 k=0
where m is the positive integer. This Lemma is generalized by Rainville [10; P. 57 (37)]
In general
_ HiEaln
> A(memy)= >0 > A(mg,my)
m,m;,m,=>0 m=0 m,=0
m+e,m;+e,m,=<n
However Z(ml, m,, )replaced by(n mA(ler%mz)e ) we may have
- — =t T 22 )
> A(mg,m,)
m,my,m,>0 (n—m-—em —e,m,)!
e o
= i i S A(my,my)
m=0 m—-0 m,=0 (n—m-—em —e,m,)! 4
Hence, we arrive at
A(mg,m,) .n

o0 o0 [ee)

S, (x, y)t" = t

nZ:O n( ) n§0m,ml,mzzzo (n_m_elml_eZmZ)!
m-+e;m, +e,M,<n

On comparing the co-efficient of /* from both sides, we get (2.1)

Due to the presence of (n —m — eqmy —eym,)! in the denominater, the series (2.1) may be separated by adding some

extra terms having values zero as follows:

Page | 4



A(mg,my)
(n—m—-—em —e,m,)!

>

m,m;,m,=>0

m+e,m, +e,m,<n
I:n—mi||:n—m—e_Lmli|
S i S A(My, M)
m—0 m,—0 m,—0 (n—m—em —em;)!

Hence, we have

n [ n;lm:| [ nimeizelnh} [( ap ):Infmfelmr(efl)mz

Sn(xy)=2. 2. 2>

m=0 m,=0 m,=0 I:(bq )]n—m—qﬁh—(ez—l)mz

ATy gm0 [0, [(C)], 27 2
I:( B ):Infmfelmlfezmz [( H ):Im1 I:( D, )]m2 mt m,!

(n2x® )m2 (nax® )rHﬂfelmlfezm2 ymramTesm

>
m, ! (n—m—-—em —e;m,)!

Hypergeometric forms:

Corollary-1: For e, >1, we get

n—m

Sa(xy)=K 3 > K(m)K(m)

m=0 m;=0

A(en+m +e1m1),A(e2 ~1;1—(by)—n+m +e1m1),
A(ez;l—(Bk)—n+m+elm1),Cu;
7\‘2Xez (_eZ )ez(h_k+l) {_(91 _1)}(e271)(q7p)
€
)
A(e2 ~L1-(a,)-n+m+ elml),
A(ez;l—(Ah)—n+m+e1ml),(DV),

xF

Corollary-11 : Fore, =1, we have

n—m

Sh(xY)= K3 > K(m)K(m,)

m=0 m;=0

... (2.5)

Operating the parameters m, my and m, we get various hypergeometric forms of (2.5),which are given in the forms of corollaries :

... (2.6)
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—n+m+em;,1—(B)—n+m+emy,(C,);]

h—k+1
T Aox(—1)"
AgxZy
i 1-(A)—n+m+em;(D,), ] e
Corollary-111: For e, > 1, we have
[n—m—elm1
n €,
Sa(xy)=K2 2> K(m)K(m,)
m=0 m,=0
_A(el;—n+m),A(el;l—(bq)—n+m),_
A(el;l—(Bk)—n+m),(Gr);
o 7\41}/62 (_el)el(k—h+q—p+1)
(Rax)™
A(el;l—(ap)—n+m),
A(el—(A)—n+m),(Hy), .28
Corollary-1V: For e, =1, we have
n—-m n—m—elm1
Sh(xy)=K Z Z K(my)K(m;)
m,=0
—n,l—(bq)—n,l—(Bk)—n;
<F A y(—1)"HraP
1-(ap)—n1-(A)-n; L 29)

Particular Cases of (2.6):
On specializing the various parameters involved in hypergeometric forms, a number of known and unknown polynomials can be

obtained as particular cases of the set S, (x, ). Some of them, which are well known, are listed below:
(A) Separating the term corresponding to A=0 and putting r=0=s = Ay in (2.6), we obtain a number of results on specializing

the remaining parameters :
(i) Ifwesetp=0=q=h=k;u=1=v=e3;y=x;e2=m;k2=u;k3=v;Cl=ar,D1=bS,Wehave
A(m;—n),(a,)
VX
(C)ySn(x) = O e, u( VX]
(bs);

= Ay (%) ... (2.10)

Where An(x) are the generalized by Panda [9].
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(ii) On making the substitution p=0=g=h=k=u=v; e3=1=Mhy; hy=h,y=x, we have
A(m;—n);

x" —m)"
I () =50 o n(=2)

1
=mgé“(><,h)

.. (2.11)
Where g;' (%, h) are the generalized polynomials defined by Gould-Hopper [5].
(i) Onsettingp=0=g=h=k=u=v; Ay=—1, ey =p;e3 =1 =Ly;y =xand x = py, we arrive at
A(Pp;—n);
n p
Py -1
Sn( Py X):( n!) pFo _[7j
1
== ar(y)
nt=" (212

Where 9n (Y) are the Bragg polynomials [3].

(iv) On making the substitution p=0=g=h=k=u=v; y=x; ?»3: 1= e3=ep;ey= 2, 7»2 =—1; x =3y we achieve

n —n+1 —-n+2 |

3 3 3
1
3

_(3y)"
Sn(3y,x)= oy sFo y

1
!

ha (Y)

where h ('y) are the Humbert polynomials [7].

... (2.13)

(V)Ontakingp=0=q=h=k;u=1=v=e3;7»3=2=62;7»2=71, C1=1+0L,D1=1+B,y:x,wefind

n n 1
————=+=1+a;
2 2 2
(2x)" 1

Sn(x’y)zT sk v

1+B;
1
:mgn(x)

... (2.14)

Where g,(x) [10; P. 237 (26)] degenerates into the Hermite polynomials for § = o..
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(Vi)Ontakingp:O:q:h:k,r:h;u:1:V:e3;k3:2:ez;k2:fl,oc1:1+0c,B1:1+B,y:x,Weget

n n 1
—— =+ =1+ o
2 2 2
2x)" 1
Sn(x’y):( n!) sh —7
1+B;
1
=—|gn(x)
n: ... (2.15)
Where g, (x) [10; P. 237 (26)] degenerates into the Hermite polynomials for 3 = a.
(vii) Ifwesetp=0=qg=h=k=r=s; e3=1 =x=y=el;k3=—p;ez=p; Ay =X, We achieve
(p)" A(p;—n),0q,05,,03...... oy
Sy (l’l):T p+qu X
B1.B2Bs-- - Bys
n
—Pp
Gl ') BY (x),
n! ... (2.16)

Where B, (x) are the generalization of the Hermite polynomials by Brafman [2].

(viii) On making the substitutionp=0=g=h=k=r=s; ey=me3=1=e =¢ k3= d; 7‘2 =) and replacing

1
xandy by —< we arrive at

—nc A(&;-n),0;
S == U+8FV }LXC

n! L 217)
where Fn(x) are the polynomials defined by Shah [12].

(ix) Ifwetakee2=m,e1 =1=e3; k3=v;k2=u,p=0=q=r=s;Bk=Bq, Ah=ocp, Cu:ar’:Dv:bs we have

| A(mi-n),a(mii-(Bg)-n).(a,), |
_L(en)], (o p(—m)" P
Sn( ’y)_ I:(Bq):|n n! mq+m+rFmp+s (ny)m
_A(m;l—(ocp)—n),(bs); |
=B, (x,») ... (2.18)

where B, (x,y)are the polynomials defined by Khanna [8].
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(B) Separating the term corresponding to my =0 and puttingr=0=s= Ay in (2.7), we obtain a number of results on specializing
the remaining parameters.

. 1 .
(x) OnPutting 1 =0=k=u; v=1=n=2y;hy=-1, D, =1+o and v for y, we achieve

1y (o) |
(04
Sn(l’_}—nﬁ y |=L(y)

n!
y 1+

... (2.19)
Where L(na) (Y) are the generalized Laguerre polynomials.

(xi) (a) Ontaking h =0 =u; k=I=v=ey; A2 — 5 — Ag and x = Z—T =y, By =1+ o D =1+ in(2.7),
we get

(1+a), (1+PB), Sh(x,x)= (1+x) " (1+B), [X_ljn

n! 2

T —(x+1) "R{*P) (x)
1+ 3;

... (2.20)
Where p(cf) (x)are the Jacobi polynomials.

(b) Onputting h =0 =u; k=1 =v=e3; A» — = — AsB; = 1+ B; D = 1 + o and X+2

instead of x and y,

X—1
we get
X+1 x+1
(+a), (L4 B), Sy 23, 242
_n’_B_n;
_ "1+ o _
:(X—l) H[X‘Flj ( )n 2F1 X 1
2 n! X+1
1+ o;

~(x=2) "R )

... (2.21)
Where Pn(“'B)(x) are the Jacobi polynomials.

1
(xii)Ontaking h=0=ku=1 =v=e; =k3 =x; x2=71,D1 =1, C1 =-—xand 1_e” for y and
then using [5; vol-I, P. 105], we get

—Nn,—X;
n!Sn(l,ﬁjze_nthl l_e7\- :(I)n(X; 7\()

... (2.22)
where b, (x; 1) are the Gottliab polynomials.
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1
(xiii) On taking h=0=k; AMy=l=e3=x; Y= ; and replace C, by (ap) and (D) by (bq), we get

. —n,(ap);
nis, (1,;j= 0i1Fq y |= 1R(-nby)
(bg); .. (2.23)

where | F, (—n,b;y) are the Abdul-Halim and Al-Salam [1] polynomials.

(xiv) On making the substitutions 1=0=k;u=1=v= e3=x= x3; xz =l-c,y=c; C1 =x, D1 =B, we arrive at

oy i}
(B), 1
(B),Sn(Lc)= - ,F l_E
B ]
_1 :
TR (aip.c) . (224)

where m_ (a, B, c) are the Meixner polynomials.

1
(xv) On making the substitutions 2= 0=k = u; e3 = 1= k3 =x;v=2; D1 =1+aq, D2 =1+; xz =—-]and ; fory,

we get

1) 1 ’ 1
Sn [l,;j :m lFZ X = m fn (X)
1+al+P ... (2.25)

wherefn(x) is related to Bateman function[10; P. 243 (4)].

1
(xvi)Ifweseth=O=k;u=1=e3=7u3=x,k2=71;v=2, C1=1+B,D1=1,D2=1+oc,and ; fory, we get

—n,1+B;
s, [1i]=L ,F X —iq) (x)
U x _nlzzll _ St
Lt . (226)
where ¢, (x) [10; P. 235 (12)] reduces to simple Laguerre polynomials for o = f.
) . 1
(xvu)Onsettlngk=0=u=v;h=1=e3=x3=k2;x3=71;/1]=1+k,and y for y we get
1) (1+a) (-1)" -
> [1’_j= ik —y =AY ()
y n: —}\,_n-
’ .. (227)

where A(R”) (y) are the Srivastava's polynomials [11].
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1
(xviii) Ifwetake k=0=u=v;p=1 :e3:x:x2:x3;Al =-\, and ; for y, we get

—n;

Sn(l,%j:ﬂ R x |=f,(x)

n!
1+Ar-nm; . (2.28)
wherefn(x) [10; P. 245 (12)] are the Pseudo-Laguerre polynomials.

(xix) On making the substitutions s =0=u; k=1=v=e3=y; By = + = = Dy: 22 = % — 25 and writing

X_Jrlforxand y, we get
x-1
(2] (@), 5,222, 220)
2/, n Xx—1 x—1
—n-—%m—x——n
_(x—l)in(ZK)n(x—o—ljn - X —1
N n! 2 2t x+1
A+ =
—Nn Iy
=(x=1) "Cy(x) ... (2.29)

Where C ((x) are the Gegenbauer polynomials.
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